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Abstract

In this chapter (and probably next chapters), we are going to study main aspects of consumer
theory. First, we introduce preference relations and choice rules. Then, commodities and consumpion
set are de�ned.

1 Introduction

"Consumption" is the genuine of any economic modeling, therefore precise dei�nition and practical theo-

rizing of its concept is of upmost importance in economics. Formalizing the concept using mathematical

instruments has several advantages: First, it provides us a precise language that bans any misinterpreta-

tion. This is an invaluable usage of mathematics in economics letting us talk in a �awless understandable

way. However, one should be aware of the important fact that we do not study mathematics here and

all the mathematical formulas have to be interpreted and understood through some logical constructs.

Second, formalizing our understanding is very useful for veri�cation of our ideas. To criticize economic

conjectures one need to be clear and the language we normally use in our everyday life is not quite suitable

for achieving this clarity. In continue, we introduce preference relations.

2 Preference Relations

Consider a "set of possible alternatives" X from which the individual must choose. The question is which

alternative is better. To formalize this concept we use preference relation < which is a binary relation on

the set of alternatives:

<� X �X.

Having the above de�nition we may derive:

x � y , x < y but not y < x

x � y , x < y and y < x.
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In which � reads "strictly preferred to" and � reads "is indi¤erent with". Now we may de�ne one of the

�rst fundamental de�nitions in economics which is normally referre to as rationality. However, in some

textbooks they are assumed as the standard assumptions of preferences.

De�nition 1 (rationality) The preference relation < is called rational if:

(i) Completeness: 8x; y 2 X either x < y or y < x

(ii) Transitivity: 8x; y; z 2 X if x < y and y < z ) x < z

Exercise 2 Prove that if < is rational then

(i) � is irre�exive and transitive

(ii) � is re�exive, transitive and symmetric

(iii) if x � y < z ) x � z

Exercise 3 Describe Condorcet paradox and provide a tangible example.

De�nition 4 (utility function) A function u : X ! R is a utility function representing the preference

relation < if:

u (x) � u (y), x < y

Note that the utility function is "ordinal" and not "cardinal". In fact, utility function orders the

alternatives and does not show how di¤erent they are.

Exercise 5 Show that utility functions are preserved by increasing transformations.

Exercise 6 Prove that a preference relation < can be presented by a utility function only if it is rational.

3 Choice rules and its relation to preference relations

A choice structure (�;C (�)) consists of a "set of buget sets", �, which is a set of nonempty sebsets of X;

however, it need not include all possible subsets. The "choice rule" C (�) is a correspondence that assigns

a nonempty set of chosen elements C (B) � B for every feasible (budget) set B 2 �. Economic decision

making would too positive1 if we do not assume any axioms. The philosophy behind the assumption of

rationality and the weak axiom which we will de�ne or the weak axiom of revealed preferences that we

will prove is the fact that we might want to allow the decision maker to resolve her indi¤erence in some

speci�c manner; in addition verifying rationality of choices shrink to checking some decisions in data.

1We use positive against normative. In fact in Economic analysis if we do not use reasonable assumptions our results
would not include any information. However, a professional economist knows how to use assumptions in order to �nd valuable
results on one hand and sell the pressumptions as reasonable axioms on the other hand.
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De�nition 7 (weak axiom of revealed preference) The choice structure (�;C (�)) satis�es weak ax-

iom of revealed preference if the following holds:

(B 2 � & x; y 2 B ) x 2 C (B))) (8B0 2 � s:t: x; y 2 B0 & y 2 C (B0)) x 2 C (B0))

De�nition 8 (revealed preference relation) Given a choice structure (�;C (�)) the "revealed prefer-

ence relation" <� is de�ned by:

x <� y , 9B 2 � s:t: x; y 2 B & x 2 C (B)

Exercise 9 Supposed that < is a rational preference relation. Then the choice structure generated by

<, i.e. C� (B;<) = fx 2 B : x < y 8y 2 Bg, satis�es the weak axiom.

De�nition 10 (rationalizing) Given a choice structure (�;C (�)) we say that the rational preference

relation < rationalizes C (�) relative to � if it generates the choice structure, formally if:

C (B) = C� (B;<) 8B 2 �

Proposition 11 If (�;C (�)) is a choice structure such that

(i) The weak axiom is satis�ed,

(ii) � includes all subsets of X of up to three elements,

then there is a rational preference relation that rationalizes C (�) relative to �. Moreover, this rational

preference relation is the only preference relation that does so.

4 Commodities and Price

A commodity is an speci�ed good or service. A commodity has time and place dimentions.2 We restrict

the de�nition of "set of possible alternatives" to consumption set X. For simplicity we assume that the

number of commodities is �nite and equal to L, then consumption set X is simpley a subset of RL. In

�gure (1) we observe some examples of consumption set. However, for simplicity we would like to add the

following assumptions:

� X � RL+, the commodity space

� X is Closed

� X is Convex

� 0 2 X
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Figure 1: Some consumption sets

Having a feasible (budget) set and a preference relation the consumer seeks to identify and select an

available alternative that is most preferred in the light of her personal tastes. Feasible (budget) set may

be expressed in a di¤erent and more tangible way: We represent prices by a price vector in RL. In spite

of the fact that we may use zero prices in future, we abstract from negative and zero prices for now. The

other important fact here is that prices are given and consumers may not a¤ect them.

De�nition 12 (Feasible (Budget) Set) The Walrasian or competitive feasible (budget) set Bp;w =

fx : p � x � wg is the set of all feasible consumption bundles for consumers who faces market price p and

wealth w.

Claim 13 Walrasian budget set is convex.

In this notation the feasible set is the set of a¤ordable bundles.3 In continue we work wth demand

function and de�ne the basic elements to some comparative statistics.

5 Demand function and comparative statics

Walrasian (or market, or ordinary) demand correspondence x (p; w) assigns a set of chosen bundles for

each pair of price vector and wealth.

De�nition 14 (Homogeneity) Walrasian demand correspondence x (p; w) is homogeneous of degree

zero if:

x (�p; �w) = x (p; w) 8p; w; �
2See Debreu p. 29-32
3See �gure (2)
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Figure 2: A Walrasian budget and the e¤ect of price on that

In an economy with L commodities the demand

x (p; w) =

266664
x1 (p; w)

�
�
�

xL (p; w)

377775
includes L + 1 independant variables: L price and w. However, we may normalize one of them e.g.

pL = 1 or w = 1. Then the number of arguments becomes L.

De�nition 15 (Walras Law) x (p; w) satis�es Walras Law if 8p� 0 & w > 0:

p � x = w 8x 2 x (p; w)

In emelentary economics we know price and income e¤ects. In our notation wealth expansion path

is de�ned as

Ep = fx (p; w) : w > 0g .

A commodity i is normal at (p; w) if @xi(p;w)@w � 0 otherwise it is inferrior. Commodity i is a Gi¤en

good at (p; w) if @xi(p;w)
@pi

> 0. From now we assume the correspondence x (p; w) is single-valued and

consequently a function.

Exercise 16 Show that the if the Walrasian demand function x (p; w) is homogeneous of degree zero then

LX
k=1

"ik (p; w) + "iw (p; w) = 0 8i = 1; :::; L

In which " denotes price and wealth elesticities.
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Proposition 17 If the Walrasian demand function x (p; w) satis�es Walras Law then:

LX
i=1

pi
@xi (p; w)

@pk
+ xk (p; w) = 0 8k = 1; :::; L

Proposition 18 If the Walrasian demand function x (p; w) satis�es Walras Law then:

LX
i=1

pi
@xi (p; w)

@w
= 1

De�nition 19 (Weak Axiom) Walrasian demand function x (p; w) satis�es Weak Axiom (WA) of re-

vealed preference if the following property holds:

8 (p; w) & 8 (p0; w0) : p � x (p0; w0) � w & x (p0; w0) 6= x (p; w)) p0 � x (p; w) > w0

De�nition 20 (law of demand) Demand and price move in di¤erent directiuons:

�p ��x � 0

In which

�p = p0 � p

�x = x (p0; w0)� x (p; w)

De�nition 21 (Compensated Law of Demand) For any compensated price change from p to p0 from

an initial situation (p; w) to the new situation (p0; w0) = (p0; p0 � x (p; w)) the law of demand holds with

strict inequality when x (p; w) 6= x (p0; w0)

Proposition 22 For a "homogeneous" Walrasian demand function x (p; w) of degree zero satisfying "Wal-

ras Law":

WA , Compensated Law of Demand

Proof. The proof implies two steps: First, that the weak axiom implies Compensated Law of Demand.

Second, show that the latter implies the weak axiom. Here we show the �rst step. Please do the other

step as an excercise.

Assume the WA and consider the following rephrasing:

(p0 � p) � (x (p0; w0)� x (p; w)) = p0 � (x (p0; w0)� x (p; w))� p � (x (p0; w0)� x (p; w))

using Walras law and compensated law of demand we may write:

(p0 � p) � (x (p0; w0)� x (p; w)) = � (px (p0; w0)� w) .
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For x (p; w) = x (p0; w0) the above would be equal to zero. For x (p; w) 6= x (p0; w0), since p0 � x (p; w) = w0

so x (p; w) is a¤ordable under (p0; w0) so using WA x (p0; w0) should not be a¤ordable by (p; w), i.e.

p � x (p0; w0) > w. Therefore:

(p0 � p) � (x (p0; w0)� x (p; w)) � 0.

De�nition 23 Slutsky matrix is a matrix with elements showing substituion e¤ects:

sij =
@xi (p; w)

@pj
+
@xi (p; w)

@w
xj (p; w)

Proposition 24 Slutsky matrix is a Negative Semide�nite matrix.

Armed with the weak axiom and Walras�law we cannot generally establish that the Slutsky matrix

is symmetric. But we will show in the next chapter that this is the case if the demand of the consumer is

assumed to derive from utility maximization.

Exercise 25 For a homogeneous di¤erentiable Walrasian demand function x (p; w) of degree zero satis-

fying "Walras Law" p � S (p; w) = 0 and S (p; w) p = 0.
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